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Although our understanding of Bell’s theorem and experimental techniques to test it have im-
proved over the last 40 years, thus far all Bell tests have suffered at least from the detection or the
locality loophole. Most photonic Bell tests rely on inefficient discrete-outcome measurements, often
provided by photon counting detection. One possible way to close the detection loophole in photonic
Bell tests is to involve efficient continuous-variable measurements instead, such as homodyne detec-
tion. Here, we propose a test of the Clauser-Horne-Shimony-Holt (CHSH) inequality that applies
photon counting and homodyne detection on weakly amplified two-photon N00N states. The scheme
suggested is remarkably robust against experimental imperfections and suits the limits of current
technology. As amplified quantum states are considered, our work also contributes to the exploration
of entangled macroscopic quantum systems. Further, it may constitute an alternative platform for
a loophole-free Bell test, which is also important for quantum-technological applications.
∗ falk.toeppel@mpl.mpg.de
2I. INTRODUCTION
Bell’s theorem states that no local realistic theory can reproduce all the predictions of quantum mechanics [1].
It can be expressed in the form of various inequalities which are violated by some entangled states. These Bell’s
inequalities resulted from a philosophical debate addressing fundamental questions on the description of physical
phenomena [1, 2]. Lately however, practical perspectives have been added to the discussion since Bell’s inequality
can also be viewed as a tool for the development of quantum technologies [3]. The violation of a Bell’s inequality
certifies quantum correlations allowing for: device-independent quantum key distribution (QKD) [4], verification of
the security of QKD protocols [5], randomness generation [6] and reduction of communication complexity [7], to name
just a few examples. Therefore, it is desirable to demonstrate violation of Bell’s inequality for various quantum states
in diverse configurations.
Violation of Bell’s inequalities has been observed in many experiments using light [8], atoms [9], ions [10] and
superconducting electric circuits [11]. However, all experiments performed thus far have suffered at least from either
the detection or the locality loophole. Entangled pairs of photons allow for a space-like separation between the
measurements fairly easily, but the efficient quantum photon detectors (detection loophole) are missing; quantum
states of matter systems can be tested efficiently, but a space-like separation (locality loophole) is hard to achieve in
experiment. The challenge is to close both loopholes simultaneously in one experiment.
Recently, the groups of A. Zeilinger [12] and of P. G. Kwiat [13] claimed to have closed the detection loophole
for the first time in an experimental test of Bell’s inequality with light. These experiments make photons the first
system with both loopholes closed, although not in the very same experiment. Most of the Bell tests, including those
discussed in references [12] and [13], rely on pairs of photons in a singlet state and photon counting, i.e. discrete
variable measurements, which used to be not very efficient. Advances in detector technology, however, namely the
development of superconducting transition edge sensors [14–16], enabled the detection loophole to be closed.
A different way to perform an optical Bell test free of the detection loophole is by involving efficient continuous-
variable measurements, e.g., homodyne detection [17]. The difficulty here lies in finding non-Gaussian quantum states
that violate Bell’s inequality and are easy to prepare. As promising alternative, hybrid schemes that use continuous
and discrete variable measurements have been proposed to implement Bell tests with entangled photons [18–20] or
atom-photon entanglement [21, 22]. For certain, possibly infeasible states, these schemes, in principle, allow violations
of Bell’s inequality at arbitrary low detection efficiencies [23].
Another approach to tackle the detection loophole is to work with macroscopic quantum states of light [24–26].
These states are produced experimentally by amplifying vacuum or a few-photon quantum states with an optical
parametric amplifier (OPA). In this process, the quantum properties of the initial state are preserved such that, for
example, macroscopic entanglement can be verified [27–29]. As macroscopic quantum states contain many photons,
they are registered with high probability despite low detection efficiencies. Moreover, subjecting macroscopic quantum
states of light to quantum engineering can facilitate using detectors with finite resolution, worse than single-photon
resolution [30–32].
A link between Bell tests and macroscopic quantum states are entangled two-photon N00N states |ψ2〉, where
|ψN 〉 = (1/
√
2)(|N〉A|0〉B +eiϕ |0〉A|N〉B) with A and B denoting different modes, e.g. orthogonal polarization. Two-
photon N00N states have been proposed for a violation of Bell’s inequality in a hybrid scheme [18] and have been
amplified to macroscopic scales [33]. In this article, we join both results and establish a potentially loophole-free
Bell test, using discrete and continuous-variable measurements, for amplified two-photon N00N states. We find that
weak amplification yields a bigger violation of Bell’s inequality than that achieved in [18] for the unamplified state.
Our proposal is remarkably robust against experimental imperfections and suits the limits of current technology. In
addition, we underline with our work the opportunities and explore the limits of entangled macroscopic quantum
states for quantum information processing.
II. AMPLIFIED TWO-PHOTON N00N STATE
The amplification of an arbitrary two-mode quantum state to macroscopic scales is usually performed with an
OPA [27, 34]. Its action on an input quantum state is described by the unitary evolution operator SˆA(ζ)SˆB(ζ), where
A and B label orthogonal modes, e.g. polarization modes. Here, SˆA(ζA) = exp
[
1
2 (ζ
∗
Aaˆ
2 − ζAaˆ†2)
]
and SˆB(ζB), defined
accordingly, denote the single-mode squeezing operator for mode A and B. Thus, the amplification of a two-photon
3N00N state |ψ2〉 results in the quantum state [33]
|Ψ2〉 = SˆA(ζA)SˆB(ζB) |ψ2〉 (1a)
=
1√
2
SˆA(ζA)SˆB(ζB)
(|2〉A|0〉B + eiϕ |0〉A|2〉B) .
In the following, we will only consider the case ζA = ζB = ζ ≥ 0 and ϕ = 0. Let us express |Ψ2〉 in the photon number
state representation. To this end, we rewrite Eq. (1a) as
|Ψ2〉 = 1√
2
(|Φ2〉A |Φ0〉B + |Φ0〉A |Φ2〉B), (1b)
with |Φ0〉 = Sˆ(ζ) |0〉 and |Φ2〉 = Sˆ(ζ) |2〉 being the squeezed vacuum and squeezed two-photon state [35]:
|Φ0〉 = 1√
µ
∞∑
n=0
[
− ν
2µ
]n√
(2n)!
n!
|2n〉 ,
|Φ2〉 = 1√
2µ3
∞∑
n=0
[
− ν
2µ
]n√
(2n)!
n!
[
ν − 2n
ν
]
|2n〉 ,
where ν = sinh |ζ| and µ = cosh |ζ|.
The mean total photon number of the amplified N00N states, n¯tot = 〈Ψ2| (nˆA + nˆB) |Ψ2〉 = 2 + 6 sinh2 |ζ|, is
determined by the parametric gain ζ of the OPA and can reach macroscopic scales. Nevertheless, the states consist
of components with only even photon numbers, a typical feature of non-classical single-mode squeezed states.
III. VIOLATION OF BELL’S INEQUALITY WITH AMPLIFIED TWO-PHOTON N00N STATES
Cavalcanti et al. [18] suggest a Bell test that violates the Clauser-Horne-Shimony-Holt (CHSH) inequality [36]
using the two-photon N00N state |ψ2〉. Since |Ψ2〉 is the macroscopic version of that state, we study the advantages
of using amplified two-photon N00N state in the same setup. The proposed experiment is performed by two spatially
separated observers Alice (A) and Bob (B). Each observer can decide whether he measures the photon number (N)
of the incident beam or performs homodyne detection (X). Depending on the choice and the measurement outcome,
Alice (Bob) assigns +1 or −1 to the observables bA(N) and bA(X) (bB(N) and bB(X)). More precisely, after having
performed a photon number measurement, the observer j ∈ {A,B} assigns +1 to bj(N) if the photon number obtained
nj is below a threshold n0 and bj(N) = −1 otherwise. Similarly, when the observer j performs homodyne detection,
+1 is assigned to bj(X) for a quadrature value xj with modulus greater than x0 and −1 otherwise. In summary, this
protocol reads for m ∈ {N,X} as:
bj(m) =
{ −1, if [m = N and nj > n0] or [m = X and |xj | ≤ x0],
+1, if [m = N and nj ≤ n0] or [m = X and |xj | > x0]. (2)
Since the measurement described above yields dichotomic outcomes, the CHSH inequality can be applied [18]:
B = EXX + EXN + ENX − ENN ≤ 2. (3)
Therein
Emm′ = bA(m)bB(m′) = P [bA(m) = bB(m
′)]− P [bA(m) 6= bB(m′)],
denotes the correlation between the measurement outcomes when Alice and Bob perform the measurements m ∈
{N,X} and m′ ∈ {N,X}, respectively. The CHSH inequality (3) is associated with a Bell observable Bˆ such that
B = tr{ρˆBˆ} with ρˆ as the quantum state considered for the Bell test. In the following, the explicit form of this Bell
observable is derived.
The detection of n photons in an ideal quantum photon detector is described by the projector |n〉〈n|, where
|n〉 denotes the eigenstate of the photon number operator nˆ. Likewise, the measurement of the quadrature value
x in perfect homodyne detection is represented by a projection on the eigenstate |x〉 of the quadrature operator
xˆ = (aˆ+ aˆ†)/2. In photon number state representation, it is
|x〉 =
(
2
pi
)1/4 ∞∑
n=0
e−x
2
√
2nn!
Hn(
√
2x) |n〉 ,
4with Hn(x) denoting the Hermite polynomial of order n. Due to the identities
∑∞
n=0 |n〉〈n| = 1 and
∫∞
−∞ dx |x〉〈x| = 1,
we can express the condition given in Eq. (2) in terms of projectors
Πˆ+N,j =
n0∑
n=0
|n〉〈n|j ,
Πˆ−N,j = 1−
n0∑
n=0
|n〉〈n|j ,
corresponding to the photon number measurement of the observer j ∈ {A,B} and the projectors
Πˆ+X,j = 1−
∫ x0
−x0
dx |x〉〈x|j ,
Πˆ−X,j =
∫ x0
−x0
dx |x〉〈x|j ,
referring to the homodyne measurement. Hence, we find the following operational form of the Bell observable:
Bˆ = EˆXX + EˆXN + EˆNX − EˆNN , (4)
where
EˆXX =
[
Πˆ+X,A − Πˆ−X,A
]⊗ [Πˆ+X,B − Πˆ−X,B], (5a)
EˆXN =
[
Πˆ+X,A − Πˆ−X,A
]⊗ [Πˆ+N,B − Πˆ−N,B], (5b)
EˆNX =
[
Πˆ+N,A − Πˆ−N,A
]⊗ [Πˆ+X,B − Πˆ−X,B], (5c)
EˆNN =
[
Πˆ+N,A − Πˆ−N,A
]⊗ [Πˆ+N,B − Πˆ−N,B], (5d)
describe the correlations between Alice and Bob.
First, let us study the loss-less case where ρˆ = |Ψ2〉〈Ψ2|. Due to the assumptions ϕ = 0 and ζA = ζB, we find ρˆ
to be invariant when swapping the modes. In addition, the aforementioned setup to test Bell’s inequality remains
invariant when the observers are swapped. Thus, EXN = tr{ρˆEˆXN} = tr{ρˆEˆNX} = ENX holds true and Eq. (3)
simplifies to
B = EXX + 2EXN − ENN ≤ 2. (6)
In the Appendix, the expectation values of the three correlations EXX = tr{ρˆEˆXX}, ENN = tr{ρˆEˆNN} and EXN =
tr{ρˆEˆXN} are explicitly calculated.
For a given parametric gain ζ, B = tr{ρˆBˆ} is still a function of the thresholds n0 and x0. An optimization with
respect to n0 and x0 for fixed ζ yields the maximal possible mean value of the Bell observable Bopt. Fig. 1 reports
the dependence of Bopt on the parametric gain ζ. We find violation of Bell’s inequality for 0 ≤ ζ ≤ 0.557. In the case
of no amplification (ζ = 0) we find Bopt = 2.250. This result is in accordance with Ref. [18], examining the case of
ordinary two-photon N00N states |ψ2〉. The maximal violation Bopt = 2.423 is obtained at ζ = 0.189 for the setting
n0 = 0 and x0 = 0.465. The optimal state contains, with a mean photon number n¯tot = 2.22, only slightly more
photons than the two-photon N00N state |ψ2〉. The maximal violation possible for two-photon states in the setup
considered here is 2.46 and has been found for an unfeasible quantum state [20]. We emphasize that the value 2.423
obtained in our work is very close to this limit. The largest value of the parametric gain for which violation occurs
is ζ = 0.557 and corresponds to n¯tot = 4.06. All maximal values of Bopt have been observed for n0 = 0, i.e., the
detectors in an experiment only have to discriminate between the events photons observed and no photons present
(threshold detectors).
In order to understand the behavior of Bopt in Fig. 1, we analyze the three contributions to Bopt, namely EoptXX , E
opt
XN
and E
opt
NN , for increasing parametric gain ζ. In the case of no amplification (ζ = 0), the photon number measurements
with threshold n0 = 0, performed by Alice and Bob, are perfectly anti-correlated: E
opt
NN = −1. Moreover,E
opt
XN = 0.561
and E
opt
XX = 0.128. On the one hand, we find that |E
opt
NN | decreases as ζ grows. The reason is that the probability
of Alice and Bob obtaining the same outcome (bA = bB) increases, when making the discrete variable measurement
(NN). In fact, the terms | 〈n|Φ0〉 |2 with n > 0 and | 〈0|Φ2〉 |2 grow with ζ, whereas they vanish for ζ = 0. On the
5FIG. 1. Optimized expectation value of the Bell observable Bopt in dependence of the parametric gain ζ and the mean total
photon number n¯tot. The dashed horizontal line refers to Bopt = 2, indicating violation of Bell’s inequality for the points lying
above.
other hand, we observe that E
opt
XN and E
opt
XX increase with ζ. This is due to the fact that with growing ζ the optimal
choice of x0 increases E
opt
XN and E
opt
XX with respect to the case of no amplification. For ζ < 0.19 the growth of the
correlations E
opt
XN and E
opt
XX exceeds the drop of |E
opt
NN |. In contrast, for ζ > 0.19, the decrease of the anti-correlation
can no longer be compensated.
Finally, we consider the violation of Bell’s inequality for our scheme in the presence of losses. In general there are
two types of experimental imperfection that shall be considered. The first type of loss occurs on transmission of the
state from the source to the observers and depends on the transmittance t of the channels. We assume t to be identical
for both transmission channels. The second type of experimental imperfections involves the detection efficiency. The
efficiency of homodyne detection ηX is usually close to 100%, but the efficiency of quantum photon detectors ηN in
particular is significantly smaller.
FIG. 2. Violation of Bell’s inequality (Bopt > 2) in dependence of the transmittance t and efficiency of threshold detector ηN
for different values of the parametric gain ζ and the homodyne detection efficiency ηX . Red lines refer to an optimized gain ζ,
whereas the blue lines recall the results of [18] (ζ = 0). For the solid lines the homodyne detection is assumed to be efficient
(ηX = 100%) whereas the dashed lines correspond to a detection efficiency of ηX = 95%. Violation of Bell’s inequality is
attained for pairs of parameters (t, ηN ) that lie above these curves.
The two-mode density operator
ρˆ = |Ψ2〉〈Ψ2| =
∞∑
m,n=0
∞∑
m′,n′=0
ρmm′|nn′ |m〉〈n|A ⊗ |m′〉〈n′|B , (7)
6that suffers from amplitude damping evolves into a density operator ρˆ(λA,λB) with matrix elements
ρ
(λA,λB)
mm′|nn′ =
∞∑
k=0
∞∑
k′=0
ρk+m,k′+m′|k+n,k′+n′
√
B(k|λA, k +m)B(k|λA, k + n)
√
B(k′|λB , k′ +m′)B(k′|λB, k′ + n′),
where λA (λB) is the probability to lose one photon in mode A (B) and B(k|p, n) =
(
n
k
)
pk(1−p)n−k for k ∈ {0, . . . , n}
denotes the probability mass function of the binomial distribution [37]. To study the experimental imperfections, we
evaluate the three constituents of Eq. (6) with ρˆ(λA,λB) as
EXX = tr{ρˆ(1−tηX ,1−tηX )EˆXX}, EXN = tr{ρˆ(1−tηX ,1−tηN )EˆXN} and ENN = tr{ρˆ(1−tηN ,1−tηN )EˆNN}.
That is, we effectively assign the detection losses to the transmission channel [38, 39]. Fig. 2 summarizes the results
of the analysis of experimental imperfections. It shows that the proposed scheme is robust against losses.
Taking the homodyne detection to be efficient and assuming no transmission losses (t = 100%), the lowest efficiency
of the threshold detector tolerable to obtain a violation of Bell’s inequality is ηminN = 58.5%. In turn, assuming ideal
detection (ηN = 100%), the highest transmission losses acceptable are 19.4% (t
min = 80.6%)[40]. The losses tolerable
for a violation of Bell’s inequality attained here are significantly higher than those determined for two-photon N00N
states |ψ2〉 [18]. Also we find an improvement for ηminN over the value reported for a hybrid Bell setup operating with
states of the form |ψE(λ)〉 = |0〉A |0〉B + λ |ψ2〉+O(λ2), which are engineered by probabilistic amplification [19]. The
according values of tmin are similar. Despite the state |PH〉 defined in Eq. (17) of [23] violates the CHSH inequality
for arbitrary low ηN , the minimal transmittance is given by t
min ≈ 92%. Tab. I summarizes the comparison with the
results obtained in [18], [19] and [23].
|Ψ2〉 |ψ2〉 |ψE(λ)〉 |PH〉
ηminN 58.5% 71.1% 64.8% —
tmin 80.6% 84.0% 80.5% 92%
TABLE I. Comparing losses acceptable to violate the CHSH inequality for different quantum states. The first column gives
the results obtained here and the other columns report values found in [18], [19] and [23], respectively.
Values for the efficiencies of the threshold detector and the homodyne detection, which are available with current
technology, are ηN = 79% [12] and ηX = 90% [41], respectively. Under these constraints, up to 5% of additional
transmission losses (t ≥ 95%) are acceptable in order to still violate Bell’s inequality. This shows that the Bell test
proposed here is remarkably robust against experimental imperfections and potentially suitable for a loophole-free
Bell test performed with state-of-the-art technology.
IV. POSSIBLE EXPERIMENTAL IMPLEMENTATION OF THE BELL TEST
A possible experimental implementation of the proposed Bell test can be found in Fig. 3. It is basically a combination
of the experiments [33] and [41]. A laser beam is split on a beam splitter (BS). One part of the light beam is combined
with the state |Ψ2〉, produced in an earlier stage, on a polarizing beam splitter (PBS) and sent to the observers A
and B. The local oscillator and the signal contained in orthogonal polarization modes facilitate homodyne detection
for the observer [41]. The other part of the laser light is frequency doubled by means of second harmonic generation
(SHG). Part of this light is used to conditionally prepare the two-photon N00N state (|2〉A|0〉B − |0〉A|2〉B)/
√
2 using
parametric down-conversion (PDC) and photon heralding [33]. The quarter wave plate (QWP) changes the sign such
that |ψ2〉 = (|2〉A|0〉B + |0〉A|2〉B)/
√
2 is obtained. With the help of a dichroic mirror, the two-photon N00N state
|ψ2〉 is fed into an optical parametric amplifier (OPA) to produce |Ψ2〉. On a PBS, the two polarization modes of |Ψ2〉
are spatially separated, combined with an orthogonally polarized local oscillator field, and sent to Alice and Bob.
With a fast switching mirror at their disposal, each observer can direct the signal randomly to a photon counting
measurement or a homodyne detection scheme. By virtue of a polarizer (P), the observer can block the local oscillator
and count the signal photons with a quantum photon detector. The observers homodyne detection scheme is built
from a half-wave plate (HWP), a PBS, and two photo-detectors.
V. CONCLUSIONS
We have proposed a test of the CHSH inequality based on hybrid measurements (discrete and continuous variable)
that applies to amplified two-photon N00N states. The Bell test is remarkably tolerant against experimental imper-
7FIG. 3. Possible implementations of the source (a) and the measurement setup of the observers (b) using beam splitters
(BS), polarizing BS (PBS), dichroic mirrors (DM), quarter-wave (QWP) and half-wave plates (HWP), polarizers (P) as well
as non-linear crystals performing second harmonic generation (SHG) and parametric down-conversion (PDC).
fections. In particular, the thresholds for photon detection efficiency ηminN = 58.5% is lower than those reported in
[18, 19] for a hybrid Bell test performed with different states. The minimal transmittance affordable tmin = 80.6% is
smaller than the ones reported in [18] and [23] and similar to the value found in [19]. In contrast to [19], the amplifier
considered here works non-probabilistic. State-of-the-art technology is potentially capable of performing the proposal.
Moreover, we have studied the violation of the CHSH inequality for a growing mean photon number of the amplified
two-photon N00N states. For strong amplification (mean photon number n¯tot > 4.06) the suggested scheme does not
show violation of Bell’s inequality. The reason is that the distinguishability of the two components |Φ0〉 and |Φ2〉, cf.
Eq. (1b), in the single-photon measurement decreases with growing parametric gain. Considering N00N states with
higher photon numbers did not improve the results. In conclusion, weakly amplified two-photon N00N states are good
candidates for performing a loophole-free photonic Bell test and for realizing several quantum information protocols.
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Appendix A: Expectation value of Bell observable
We consider the Bell observable defined in Eq. (4) and Eqs. (5) and evaluate the expectation value B = tr{ρˆBˆ} for
the arbitrary two-mode density operator from Eq. (7). In the following, we derive how to evaluate the correlations
EXX , EXN and ENN :
EXX = tr{ρˆ
[
Πˆ+X,A − Πˆ−X,A
]⊗ [Πˆ+X,B − Πˆ−X,B]}
=
∞∑
m,n=0
∞∑
m′,n′=0
ρmm′|nn′
[
δmn − 2
∫ x0
−x0
dx 〈n|x〉〈x|m〉
][
δm′n′ − 2
∫ x0
−x0
dx 〈n′|x〉〈x|m′〉
]
.
Introducing the function
Qnm(x0) =
∫ x0
−x0
dx 〈n|x〉〈x|m〉 =
√
2
pi
∫ x0
−x0
dx
e−2x
2
√
2nn!
√
2mm!
Hn(
√
2x)Hm(
√
2x),
8and using the fact tr{ρˆ} = 1, we attain
EXX = 1 + 4
∞∑
m,n=0
∞∑
m′,n′=0
ρmm′|nn′
[
Qnm(x0)Qn′m′(x0)− 1
2
Qnm(x0)δm′n′ − 1
2
δmnQn′m′(x0)
]
.
In order to evaluate that expression numerically, an appropriate cutoff was chosen such that ρmm′|nn′ ≈ 0 for indices
bigger than the cutoff. Furthermore:
EXN = tr{ρˆ
[
Πˆ+X,A − Πˆ−X,A
]⊗ [Πˆ+N,B − Πˆ−N,B]}
= 2
∞∑
m,n=0
[
n0∑
m′=0
ρmm′|nm′
[
δmn −Qnm(x0)
]
+
∞∑
m′=n0+1
ρmm′|nm′Qnm(x0)
]
− 1.
and finally:
ENN = tr{ρˆ
[
Πˆ+N,A − Πˆ−N,A
]⊗ [Πˆ+N,B − Πˆ−N,B]} = 1− 2
n0∑
m=0
∞∑
m′=n0+1
ρmm′|mm′ − 2
∞∑
m=n0+1
n0∑
m′=0
ρmm′|mm′ .
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